LINEAR SYSTEMS

How do we solve a linear system in two variables graphically?  
To solve a system graphically:

· Plot the two equations on the same grid.

· Find the intersection point.

When solving a system graphically we must keep in mind that we often get an approximation of the solution.

How do we solve a linear system in two variables algebraically?

Consider the following linear system:

y = 2x

y = x + 1

A general point on the graph of the first equation would be (x, 2x) and a general point on the graph of the second equation would be (x, x+1). 

Recall that when we solve the above system graphically we look for points where the graphs of the two equations intersect. That is, we are looking for values of x so that (x, 2x) and (x, x+1) are the same point.

If (x, 2x) and (x, x+1) are the same point, i.e., the intersection point, then it follows that 2x = x + 1.

Notice that the new equation, 2x = x + 1, is a combination of the two original equations. This combining of the two equations is the first step in solving the equations algebraically, as we shall see in using the substitution method below.

In fact, when by forming the equation 2x = x + 1 we are actually using the method of substitution: We are substituting the expression for y from one equation for the y in the other equation. 

How do we use the substitution method?

These are the steps for solving a linear system in two variables using the method of substitution:

1. Solve for a variable in one of the equations.

2. Substitute for the variable in the other equation and solve. 

3. Substitute the solution in one of the original equations and solve.

4. Verify the solution.

5. Make a concluding statement.

The examples below use the method of substitution.

Example 1

Solve the following system by substitution.

3x + 2y = 5

2x + y = 8

Solution

1.  Solve for a variable in one of the equations.   

2x + y = 8

y = –2x + 8

2.  Substitute for the variable in the other equation and solve.      

3x + 2(-2x + 8) = 5

-x + 16 = 5

x = 11

3.  Substitute the solution in one of the original equations and solve.

2(11) + y = 8

y = -14

4. Verify the solution.

Substitute x = 11 and y = -14 in the first equation:

3(11) + 2(-14) = 5

33 – 28 = 5

5 = 5

Substitute x = 11 and y = -14 in the first equation:

2(11) + (-14) = 8

22 – 14 = 8

8 = 8

Therefore x = 11 and y = -14 satisfies both equations.

5. Make a concluding statement.

The solution is (11,-14).

Example 2

Solve the following system by substitution.

3x – 6y = 12

-x + 2y = 15

Solution

1.  Solve for a variable in one equation.   

-x + 2y = 15

x = 2y – 15

2.  Substitute for the variable in the other equation and solve.      

3(2y – 15) – 6y = 12

-45 = 12

3.  Make a concluding statement.

The system is inconsistent since our solution process led an untrue equation. There is no solution. 

How do we use the addition method?

The addition method is another way of algebraically combining the two equations of a linear system in two variables to form a new equation.

These are the steps for solving a linear system in two variables using the method of addition:

1. Vertically align like terms of the equations.

2. Make two like terms have opposite coefficients by multiplying one or both equations by a constant.

3. Add like terms of the two equations and solve the new equation to find the value of one of the variables.

4. Substitute the solution in one of the original equations and solve for the other variable.

5. Verify the solution.

6. Make a concluding statement.

The examples below use the method of addition.

Example 3

Solve the following system by addition.

3y - x = 6

2x - 5y = 12

Solution

1. Vertically align like terms of the equations.

-x + 3y = 6

2x - 5y = 12

2. Multiply the first equation by 2 (so that the two coefficients of x add to zero).

-2x + 6y = 12

2x - 5y = 12

3.  Add like terms and solve the new equation.

y = 24

4.  Substitute the solution in one of the original equations and solve.

3(24) – x = 6

x = 66

5. Verify the solution.

Substitute x = 66 and y = 24 in the first equation:

-(66) + 3(24) = 6

-66 + 72 = 6

6 = 6

Substitute x = 66 and y = 24 in the first equation:

2(66) - 5(24) = 12

132 – 120 = 12

12 = 12

Therefore x = 66 and y = 24 satisfies both equations.

6.  Make a concluding statement.

The solution is (66,24).

Example 4

Solve the following system by addition.

3y - 2x = -5

6x - 9y = 15

Solution

1. Vertically align like terms of the equations.

-2x + 3y = -5

6x - 9y = 15

2. Multiply the first equation by 3.

-6x + 9y = -15

6x - 9y = 15

3.  Add like terms and solve the new equation.

0 = 0

4.  Make a concluding statement.

There is an infinite number of solutions since the solution process led to an equation that is always true. The system is dependent.
