Absolute Value Equations and Inequalities
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Prerequisite skills

· Find the absolute value of a number

· Solving linear equations

· Solving linear inequalities

Introduction

Some heavy duty bolts, with diameter 3 cm, are manufactured with a tolerance of (0.002cm. 

The absolute value equation (d - 3( = 0.002 describes the maximum and minimum diameter, d, allowed for 3 cm bolts.

The absolute value inequality (d - 3( ( 0.002 describes the range of diameters allowed for 3 cm bolts.

What is the meaning of an absolute value equation?

The absolute value equation (x( = 3 means the distance between x and zero is three. 

· There are two possible solutions to the equation (x( = 3. Can you tell what they are?

The equation (x-2( = 3 means that the distance between x  and 2 is 3.

· Which numbers are a distance of 3 away from 2?

Solving Absolute Value Equations

Introduction

When you solve an absolute value equation like (x - 2( = 3, you are really solving the two linear equations x - 2 = 3 and –x + 2 = 3. You will explore this relationship in the activity below. And you will see a more detailed explanation in the step-by-step section.

How can we picture an absolute value equation graphically?
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Let’s consider the absolute value equation (x - 2( = 3.

The left and right sides of the equations can be represented by the functions y = (x - 2( and y = 3, respectively. The graphs of these functions are shown on the right. The x-coordinates of the intersection points of the graphs represent the solutions to (x - 2( = 3.

Notice that the left and right branches of the graph of y = (x - 2( are parts of the lines y = -(x+2) and y = x+2, respectively. Noticing this helps us develop the following algebraic solution step:

             (x - 2( = 3

(   
-(x - 2) = 3    or    x - 2 = 3

What the graphs show us is that the following problems are equivalent:

1. Solve (x - 2( = 3.

2. Find the x-coordinates of the points of intersection of y = (x - 2( and y = 3.

3. Find the x-coordinates of the points of intersection of y = x - 2 and y = 3 and of y = -(x – 2) and y = 3.

How do we solve absolute value equations?

Follow each of the steps below to solve the equations.

Example 1:  Solve (x - 2( = 3.

Solution:








(x - 2( = 3

· Consider the possible cases.


-(x - 2) = 3    
or    
x - 2 = 3

· Solve each case.




x - 2 = -3
or
x = 5

x = -1

or
x = 5

· Write the solution set.



x = {-1, 5}

Example 2:  Solve (2x - 1( = 8.

Solution:








(2x - 1( = 8

· Consider the possible cases.


-(2x - 1) = 8    
or    
2x - 1 = 8

· Solve each case.




2x –1 = -8
or
2x = 9

2x = -7

or
x = 4.5

x = -3.5
or
x = 4.5

· Write the solution set.



x = {-3.5, 4.5}

Example 3:  Solve -3(x - 1( + 2 = -10.

Solution:








-3(x - 1( + 2 = -10

· Simplify the equation.



-3(x - 1( = -12

(x - 1( = 4

· Consider the possible cases.


-(x - 1) = 4    
or    
x - 1 = 4

· Solve each case.




x –1 = -4
or
x = 5

x = -3

or
x = 5

· Write the solution set.



x = {-3, 5}

Solving Absolute Value Inequalities 

Introduction

 We can solve absolute value inequalities using many of the skills needed to solve absolute value equations and linear inequalities.

What are the meanings of “and” and “or”?
The words “and” and “or” have special mathematical meanings.
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The word “and” means “intersection.” 

For example, x ( -1 and x ( 5 means to find the intersection of the solution sets of the two inequalities – that is, to find the solutions that the inequalities have in common. This is illustrated by the number line graphs on the right. 

The expression x ( -1 and x ( 5 can also be written as –1 ( x ( 5 (or as (x-2((3). 

You can see that this is true from the last number line graph, on the right.

[image: image4.png]



The word “or” means “union.”

For example, x ( -1 or x ( 5 means to unite or join the solution sets of the two inequalities. This is illustrated by the number line graphs on the right. 

Note that the expression x ( -1 or x ( 5 can also be written as or as (x-2((3.

How do we solve absolute value inequalities?
Follow the steps below to solve each of the examples.

Example 1:  Solve (3x - 1( < 5. Graph the solution set on a number line.

Solution:

Solve the corresponding absolute value equation (3x - 1( = 5.

· Consider cases.



-(3x – 1) = 5    or    3x – 1 = 5
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Solve.




3x – 1 = -5    or    3x = 6

3x = -4    or    x = 2

x = -4/3    or    x = 2

· Sketch the graphs of y = (3x - 1( and y = 5.

· Use the graph to solve (3x - 1( < 5.
-4/3 < x < 2

· Graph the solution set on a number line.

Example 2:  Solve (3x - 1( ( 5. Graph the solution set on a number line.

Solution:

Solve the corresponding absolute value equation (3x - 1( = 5.

· Consider cases.



-(3x – 1) = 5    or    3x – 1 = 5

· Solve.




3x – 1 = -5    or    3x = 6

3x = -4    or    x = 2

x = -4/3    or    x = 2

· Sketch the graphs of y = (3x - 1( and y = 5.

· Use the graph to solve (3x - 1( ( 5.
x ( -4/3  or  x ( 2

· Graph the solution set on a number line.


Is there an easier way to solve absolute value inequalities?

If you solve more absolute value inequalities like (3x - 1( < 5 and (3x - 1( = 5 you will notice a pattern:

· Inequalities like (3x - 1( < 5 have solutions that involve “and.”

· Inequalities like (3x - 1( > 5 have solutions that involve “or.”

Using these patterns, here is an easier way to solve these inequalities.

Example 1:  Solve (3x - 1( < 5. Graph the solution set on a number line.

Solution:

· Consider cases.



-(3x – 1) < 5    and    3x – 1 < 5

· Solve.




3x – 1 > -5    and    3x < 6

3x > -4    and    x < 2

x > -4/3    and    x < 2


-4/3 < x < 2

· Graph the solution set on a number line.


Example 2:  Solve (3x - 1( ( 5. Graph the solution set on a number line.

Solution:

· Consider cases.



-(3x – 1) ( 5    or    3x – 1 ( 5

· Solve.




3x – 1 ( -5    or    3x ( 6

3x ( -4    or    x ( 2

x ( -4/3    or    x ( 2


x ( -4/3  or  x ( 2

· Graph the solution set on a number line.























y = -(x-2)
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